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Abstract We consider a brittle fracture taking account of self-equilibrated distributed mi-
crostresses. To determine how the latter can affect the crack equilibrium and growth, a
model of a structured linearly elastic body is introduced consisting of two equal symmetri-
cally arranged layers (or half-planes) connected by an interface as a prospective crack path.
The interface is comprised of a discrete set of elastic bonds. In the initial state with no exter-
nal forces, the bonds are assumed to be stressed in such a way that tensile and compressive
forces of the same value alternate. In the general considerations, the layers are assumed to
be of an unspecified periodic structure, where such self-equilibrated stresses may also exist.
A two-line chain and a lattice are examined as the specified structure. We consider the states
of the body-with-a-crack under the microstresses and under a combined action of the remote
forces and the microstresses. Analytical solutions to the considered problems are presented
based on the introduction of a selective discrete transform. We show that the microstresses
can manifest themselves in a number of phenomena such as the crack bridging, occurrence of
‘porosity’ in front of the crack and crack growth irregularities. We demonstrate analytically
and graphically that the microstresses can result in an increase as well as in a decrease of the
crack resistance depending on the internal energy level. We also discuss different scenarios
of the crack growth depending on the internal energy level. The results for the specified
structure are presented with their dependence on anisotropy, whose role in the considered
problem appears substantial. The corresponding dynamic problems, the spontaneous crack
propagation under the internal energy and the crack dynamics under the combined action
of the internal energy and remote forces will be submitted separately.
Keywords: Fracture mechanics; Microstresses; Lattices; Integral transforms.
1 Introduction
In this paper, we consider the brittle fracture with account of self-equilibrated microstresses
associated with incompatible deformations alternating in the prospective crack path. In
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presence of such stresses, the growing crack releases some of the internal potential energy
stored in a vicinity of the crack path. The questions are how much energy is released,
what part of this energy goes to fracture itself and how the internal energy affects the crack
resistance and the crack growth.
In this context, we recall that the theory of brittle fracture founded in 1920 by Griffith
(1920, 1924) is based on the linear elasticity, in the framework of which the stress field is
determined, and the energy criterion, which states that the energy release through the moving
crack tip, must be equal to the (double) surface energy of the material. It is important to
note that the surface energy can be determined in an independent way. So the physical
model by itself looks impeccable. Nevertheless, the Griffith theory leaves some questions
unanswered. One of them concerns the bulk-to-surface energy transition as the energy flux
through the crack tip singular point (a line in the 3D case). In this theory, the mechanism
of the transition is hidden, the microstructure role and the transition associated dynamic
effects are not reflected.
Since then fracture mechanics developed intensively in different directions, different ma-
terials and body shapes were considered, and different modifications to the fracture criterion
were introduced. In the context of the considered problem, the introduction of a natural unit
of length is important. This was done in 1959 when, with the goal of bringing the transition
mechanism to the macrolevel, Barenblatt (1959a,b, 1962) introduced a crack model with
cohesive forces bridging the crack faces in a ‘small’ autonomous region attached to the crack
tip. In this model, the singular point is eliminated, and the fracture mechanism including the
bulk-to-surface energy transition is transparent. Besides, a natural length unit introduced
in this model can serve as the natural scale for the crack length. Note that the Griffith
formulation follows from the Barenblatt model in the zero limit of the cohesive region length
(in this connection, see Willis, 1967; Slepyan, 1981b, pp. 100-102; 2002, Sects. 5.10 and 7.4).
As a next step important for the present work, discrete models where introduced into
considerations. In 1969 Novoghilov (1969a,b) formulated the concept of a brittle fracture,
which took account of the discrete structure of the body, and suggested the necessary and
sufficient criterion for the estimation of the strength of an elastic body weakened by a cut.
The process of destruction is treated as a loss of stability of elastic equilibrium. These two
factors, the discreteness and the loss of stability during the deformation of the breaking
bond, are the basis of a number of phenomena that could not be detected in the framework
of the continuum mechanics (see, e.g., Slepyan, 2010a). One of them is the energy radiation
from the crack front in each act of the rupture (Thompson et al, 1971)).
The crack dynamics in a lattice model, for which both these factors are inherent, was first
considered analytically in 1981 (Slepyan, 1981a). In this problem, the local-to-global energy
release ratio was determined. This ratio plays the role of the crack-speed-dependent and
material-structure-dependent corrective coefficient in the expression of the Griffith energy
criterion. For the mass-spring square lattice it appeared that, in the quasi-static crack
growth, only the proportion
√
2− 1 of the macrolevel energy release is spent on the fracture
itself, while the remainder is radiated with the lattice waves. As the crack speed increases
this ratio first increases not monotonically and then monotonically decreases (it tends to
zero as the crack speed approaches the long wave speed). The structure of the radiation is
described in more detail in Slepyan, 2010b.
In addition to the above-mentioned factors, the internal strain energy of self-equilibrated
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microstresses can play an important role. In addition to their effect on the crack resistance,
some phenomena manifested in fracture, such as bridging, developing porosity in front of the
crack and irregularities in crack growth can be caused by the microstresses.
Note that macrolevel residual stresses, self-equilibrated in a macro domain were consid-
ered repeatedly. In this connection, see the series of works by Banks-Sills et al (1997 − 2006;
also see references therein) and Bebamzadeh et al (2009, 2010)), where the role of curing
residual stresses in the fracture of composites is examined. Such residual stresses manifest
themselves as an additional load on the cracked body.
We here consider a mechanism of fracture under the microstresses self-equilibrated in each
cell of periodicity. A general formulation is used, where only the structure of the interface as
the prospective crack path is specified. The interface is assumed to be formed by a discrete
set of uniformly distributed differently stressed bonds, where compressed bonds alternate
with stretched ones. For example, this may happen if the initial lengths of the elastic bonds
are different. The body is assumed to be symmetric about the middle line crossing the
bonds and periodic along this line, Fig. 1. The response of the structure to external action
is reflected by means of a non-specified crack-related Green’s function.
Note that a sketch of the corresponding dynamic problem was presented in the book by
Slepyan (1981, pp. 272-275) in the framework of the elastic continuum with a crack subjected
to a negative cohesive stresses.
a) b)
h
h+∆
Figure 1: The body with the structured interface. The compressed and stretched bonds
alternate creating self-equilibrated stresses.
We examine the crack equilibrium and discuss its spontaneous growth under the mi-
crostresses and then − the crack equilibrium and growth under the combined action of the
remote and micro stresses. During the crack growth the internal potential energy is re-
leased in part, and one of the tasks of the present study is to determine what proportion
of the released energy is going to fracture and what part is radiated. Another question is
how the microstresses affect the crack equilibrium and the crack growth mode. Note that
in some respects the problem is related to the phase transition in a lattice (Slepyan and
Ayzenberg-Stepanenko, 2002), to the bridge crack (Mishuris et al, 2008) and to the fracture
of a structural interface (Mishuris et al, 2012).
In the considered problem, there is no regular steady-state limit but there exists two-
bond clustering. Under the condition of the non-specified structure, this requires the selective
discrete transform, that is the Fourier discrete transform on the related points, one in each
cluster. The expression of the latter transform in terms of the regular discrete transform
is presented. Analytical techniques allow us to find the final solution based on the general
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formulation, whereas numerical illustrations can be obtained from this as soon as the Green’s
function is specified. For this goal we use a two-line chain and the 2D square lattice.
We determine the energy relations and discuss possible scenarios of the crack growth,
which are defined by the bond length ratio and the ratio of the internal energy to the
energy coming from the remote load. The role of the dynamic factor (Slepyan, 2000) in
the fracture under the microstresses is discussed. It is found, in particular, that under the
microstresses the crack initiation energy barrier can increase, whereas the crack growth can
be accompanied by irregularities and clustering. In some respect, these phenomena are
similar to those found earlier for mode II crack dynamics in a triangular lattice (Slepyan
and Ayzenberg-Stepanenko, 2002) and in a lattice under the harmonic excitation (Mishuris
et al, 2009, and Slepyan et al, 2010).
The paper is organised as follows. First a simple model is considered consisting of two
parallel elastic strings connected by a discrete set of periodically placed bonds alternating by
their initial lengths. The structure is under the microstresses, no external forces are applied.
It is assumed that under this condition only initially stretched bonds may break. In spite of
the simplicity, this model demonstrates all main effects due to microstresses presence. We
determine the initial prestress (5), the tensile forces in the crack front bond in the case of
a semi-infinite bridged crack (15) and for only one (20) or two bonds broken (23). Also the
corresponding energy relations, as the ratios of the energy of the bond to the initially stored
or released energy, are presented (26), (28), (32) and (34). Here and below the results are
presented in dependence on the orthotropy parameter, α, as the ratio of the bond stiffness
to that of a string between-the-bonds segment.
Next a more general structure is considered where only the crack path structure, the same
as for the chain, is specified, whereas the bulk of the body is reflected by the crack-related
non-specified Green’s function. The same values are determined in a general form as for
the chain with the semi-infinite bridge crack. The general results are expressed through the
Wiener-Hopf equation kernel, which, in its turn, is expressed through the Green’s function
by means of the selective discrete transform introduced, (54), (55) and Appendix. The
numerical results for a specific structure can be obtained as soon as the Green’s function is
given. This is done for the chain and the lattice.
Then, we consider the problem in the general formulation, where both types of actions
are present: the internal prestresses and external forces. Two different external loads are
considered, one uniformly distributed at infinity and the other as a remote force defined by
the corresponding stress intensity factor. A semi-infinite open crack without the crack-face
bridging corresponds to the latter. In the latter case, the tensile forces are determined for
the crack front bond and the next one (89). This allows us to reveal different scenarios
of the crack growth corresponding to different levels of the internal energy. It is found,
in particular, that in an initial plot of the internal energy level, the resistance to the crack
growth (the macrolevel energy release rate) increases, then it decreases, (101), (103), Fig. 11,
Fig. 12 and Sect. 4.6. Respectively the fracture regime is changed.
Finally, the discussions and conclusions are presented.
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1.1 The energies and displacements in the considered problem
1.1.1 The energies
The state of the considered structure is characterised by three values of the energy. The
first is the initial internal energy, E , which arises due to the difference in the interface bond
lengths and is stored in the cell of periodicity, that is, in two spans of the structure. Next
is the initial energy of the bond, E, which is the same for all the bonds. These two values
correspond to the initial state of the intact structure. Lastly, the actual energy of the bond,
Em, where m is the bond number, is considered. These energies refer to the microlevel.
The critical values of the initial internal energy and the bond energy are denoted by Ec and
Ec, respectively, where the latter is also the same for all the bonds (in the initial state, the
critical value of E = Ec corresponds to the critical value of the bond energy, Ec). The level
of the internal energy is characterised by the ratio of the stored internal energy to its critical
value, γ = E/Ec = E/Ec.
In a steady-state crack growth, the energy E is released, so the microlevel energy release
rate Gmic = E/(2a), where a is the between-the-bond distance. A part of this energy
disappears with the breaking bond, while the other part is radiated in the form of acoustic
oscillations. Due to linearity of the problem, E is proportional to ∆2, where ∆ is a half of
the difference in the lengths of the unstrained bonds. The analysis is given below mainly in
terms of ∆. If the internal energy is given instead of the bond length initial difference, 2∆,
the results can be read based on the relation between the initial internal energy and ∆.
In the case where a remote external load is present, its action is reflected, as usual, by
the macrolevel energy release rate, Gmac. In this case, we examine how the internal energy
affects the critical value of Gmac.
1.1.2 The position coordinates and displacements
In the x, y rectangular coordinate system, where y = 0 is the axis of symmetry, x = 0 for the
bondm = 0, y = ±h for the even number unstressed bond ends and y = ±(h+∆) for the odd
number bonds. The displacements in y-direction, ±um, correspond to the upper and lower
ends of the m-bond, respectively. In these terms, in the initial state of the structure, the
displacements are nonzero as well as the tensile forces. We denote the initial and additional
displacements by Um and Um, respectively, so that the actual (total) displacements um =
±Um+Um. Note that in the initial state the bonds are stressed equally differing only in the
sign for the even and odd bonds, and
um = U0 + Um (m = 0,±2, ...) , um = −U0 + Um (m = ±1,±3, ...) . (1)
The corresponding tensile forces are
Qm = 2κum , (2)
where κ is the bond stiffness.
Concerning the displacements, we consider below only the upper end of the bond inter-
acting with the respective part of the body. However, both parts of the body including the
interface are taken into account when calculating the energy.
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We start with a simple example of a two-line chain, where detailed solutions are achieved
without using sophisticated mathematics. Along with this, the transparent results obtained
allow the main effects introduced by microstresses to be seen. Then the problem is considered
in a more general formulation; however, we also return to the chain to demonstrate how
the results for the chain can be obtained as a particular case of the general solution. An
orthotropic lattice is also used for this purpose.
2 Two-line chain
2.1 The initial state
Consider two parallel strings connected by periodically placed bonds numbered by m =
0,±1, ... , Fig. 2a. Let the initial length of the even bonds be 2h, whereas the odd bonds,
m = ±1,±3, ..., be of a slightly different length, 2h + 2∆. In the framework of the Hooke’s
law, the bond’s stiffness, κ, is assumed to be the same for both the even and the odd bonds.
The stiffness of the string section between the neighboring bonds is denoted by µ. Initially,
when all the bonds are intact, the even and the odd bonds are deformed uniformly, that is,
the positions of the bond’s upper ends are y2m = y0 = h+ U0 and y2m+1 = y1 = h+∆+ U1,
where U0,1 are the displacements relative to the unstressed bond positions. It follows that
the equilibrium equations are
(µ+ κ)y0 − µy1 = κh , (µ+ κ)y1 − µy0 = κ(h +∆) . (3)
We find the displacements
U0 = −U1 = ∆
2 + α
, α =
κ
µ
, (4)
and the tensile forces in the bonds
Q0 = −Q1 = 2κU0 . (5)
Thus, the vertical coordinates of the stressed bonds are
y0 = h+
∆
2 + α
, y1 = h+∆− ∆
2 + α
= h+
1 + α
2 + α
∆ . (6)
Recall that the stiffness of both the even and the odd bonds is assumed to be identical.
Therefore, in terms of the displacements, the intact structure can be considered as uniform.
If the odd bonds are longer than the even ones then the latter are under tension, and some
of them can be broken. The question is whether such damage can spread. This question is
considered below.
2.2 A semi-infinite damaged region
Here we consider the case where all the even bonds at the left, m = −2,−4, ..., are broken,
see Fig. 2b. The task is to find the tensile force, Q0, at the front of this bridge crack. In the
6
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a) κ µ M
Figure 2: The chain structure: the intact chain (a) and the chain with a semi-infinite bridged
crack (b).
left region, the equilibrium equation is
um−3 + um+1 − 2(1 + 2α)um−1 = 0 , (m = −2,−4, ...) , (7)
and the displacements can be represented as
um+1 = U−1λ
−(m+2)
− (m = −2,−4, ...) , (8)
with
λ2− = 1 + 2α− 2
√
α + α2 . (9)
Note that the expression for λ− follows from (7) and the boundedness condition at minus
infinity (in fact, u−∞ = 0). The equilibrium equation with respect to the displacements in
the intact bond region, Um, m = 0, 1, 2, ..., additional to those defined in the intact structure
(6) is
Um+1 + Um−1 − 2(1 + α)Um = 0 (m = 1, 2, ...) , (10)
and the total displacements in this region can be represented as (see (4))
u2m =
∆
2 + α
+ U0λ
2m
+ , u2m+1 = −
∆
2 + α
+ U0λ
2m+1
+ (m = 0, 1, 2, ...) ,
λ+ = 1 + α−
√
2α+ α2 . (11)
The remaining values, U0 and U−1, are defined by the equilibrium equations with respect
to points m = 0 and m = −1
y−1 + y1 − 2y0 − 2α(y0 − h) = 0 ,
1
2
(y−3 − y−1) + y0 − y−1 − 2α(y−1 − h−∆) = 0 . (12)
From Eqs. (8) and (11) it follows that
y−3 = h +∆+ U−1λ
2
− , y−1 = h+∆+ U−1 ,
y0 =
∆
2 + α
+ h+ U0 , y1 = h+
(1 + α)∆
2 + α
+ U0λ+ , (13)
and the equations (12) can be rewritten in the form as
(2 + 2α− λ+)U0 − U−1 = ∆
2 + α
,
2U0 − (3 + 4α− λ2−)U−1 =
2(1 + α)∆
2 + α
(14)
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with the tensile force at the bridge crack front, m = 0
Q0 = 2κ
(
∆
2 + α
+ U0
)
. (15)
2.3 One-two even bonds are broken
Let only the ‘central’ bond, m = 0, be broken, Fig. 3a. Since, in this case, y−1 = y1 = y0
the equilibrium equation with respect to the point m = 1 is
y2 − y1 − 2α(y1 − h−∆) = 0 (16)
with
y1 = h+
(1 + α)∆
2 + α
+ U
(1)
1 , y2 = h+
∆
2 + α
+ U
(1)
1 λ+ , (17)
where U
(1)
1 is the displacement additional to that defined in the intact structure (6). It
follows that
U
(1)
1 =
α∆
(2 + α)(1 + 2α− λ+) ,
u1 = u
(1)
1 = −
∆
2 + α
(
1− α
1 + 2α− λ+
)
,
u2 = u
(1)
2 =
∆
2 + α
(
1 +
αλ+
1 + 2α− λ+
)
, (18)
and due to the symmetry
u−1 = u0 = u1 , u−2 = u2 . (19)
Here and below, in this Section, the number of broken bonds is shown in brackets in the
superscript. Thus, the tensile force at the bridge crack fronts, m = ±2 is
Q
(1)
2 =
2κ∆
2 + α
(
1 +
αλ+
1 + 2α− λ+
)
, (20)
b)
m = −4−3−2−1 0 1 2 3 4 5 6m = −4−3−2−1 0 1 2 3 4 5 6
a)
Figure 3: The chain with one and two initially stretched bonds broken
In a similar way, for the case where two bonds, m = 0 and m = −2, are broken, Fig. 3b,
we have two equations for the additional displacements
(1 + 2α)U
(2)
−1 − U (2)1 =
2α∆
2 + α
,
U
(2)
−1 − (3 + 4α− 2λ+)U (2)1 = −
2α∆
2 + α
. (21)
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Thus, the total displacements at points m = −1, 1, 2 are, respectively
u
(2)
j = −
∆
2 + α
+ U
(2)
j , (j = −1, 1) , u(2)2 =
∆
2 + α
+ U
(2)
1 λ+ (22)
with
U
(2)
1 =
4α(1 + α)∆
(2 + α)[(1 + 2α)(3 + 4α− 2λ+)− 1] , Q
(2)
2 = 2κu2 , (23)
where U
(2)
−1 to be found from (21).
The normalised maximal tensile forces corresponding to the initial and the three other
states considered above are plotted in Fig. 4 as a function of αˆ = (1 − α)/(1 + α). The
calculations are based on the relations in (5), (15), (20) and (23). It can be seen that for not
too small α the maximal value of the tensile force approaches that for the semi-infinite crack
very fast. Practically, the curves for one-two broken bonds almost coincide with the limiting
one. Below, in Sect. 3.4.1, we return to this example considering it in a very different way
by following a more general formulation.
−1 −0.5 0 0.5 10
0.2
0.4
0.6
0.8
 
 
full intact
semi infinite crack
two bonds broken
one bond broken
Qmax
Q0
αˆ
Figure 4: Normalised maximal tensile forces, Qmax/Q
0, for the four considered states shown
in Fig. 2 and Fig. 3 (Q0 = 2κ∆, αˆ = (1− α)/(1 + α)).
2.4 Energy relations and the crack initiation criterion
The strain energy per two spans stored in the initial state of the chain is
E = 2µ(y1 − y0)2 + 4κU20 =
2κ∆2
2 + α
, (24)
whereas the energy of the bond (the same for the even and the odd ones) is
E = 2κU20 =
2κ∆2
(2 + α)2
. (25)
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Thus, the initial energy ratio
R0 =
E
E =
1
2 + α
(26)
evidences that the critical stored energy is sufficient for both bonds to break even at α = 0,
and it increases with the parameter α. In fact, however, the former is also spent for dynamic
effects accompanying the breakage, and if E is not too close to the critical value (where the
bond’s energy is critical) only even bonds are expected to break.
In the case of the semi-infinite crack, the strain energy in the crack front bond is
E0 = E
(∞)
0 = 2κ
(
∆
2 + α
+ U0
)2
, (27)
where U0 is defined by Eqs. (14). The energy ratio is
R∞ =
E
(∞)
0
E =
1
2 + α
(
1 +
(2 + α)U0
∆
)2
. (28)
For the transition from the initial intact state to that with one bond broken, the energy
release, G0→1, can be calculated as a sum of the broken bond energy and the (double) static
work of the force Q0 on the additional displacement at m = 0. With reference to Fig. 3a we
have
2aG0→1 = E
(0)
0 +Q0
(
y
(1)
1 − y(0)0
)
, E
(0)
0 = E = 2κ
∆2
(2 + α)2
, (29)
with
Q0 =
2κ∆
2 + α
, y
(0)
0 = h+
∆
2 + α
, y
(1)
1 = h+∆−
∆
2 + α
(
1− α
α +
√
2α + α2
)
. (30)
It follows that the released energy
2aG0→1 =
2κ∆2
2 + α
(
1−
√
2α+ α2
(2 + α)(α+
√
2α + α2)
)
(31)
is less than the stored energy E (24). In this case, in contrast to the case of the semi-infinite
crack, the corresponding energy ratios of the bond energy, E, to the released energy and to
the stored one are different
P0 =
E
(0)
0
2aG0→1
=
α +
√
2α + α2
[1 + α +
√
2α + α2]
√
2α+ α2
, R0 =
E
(0)
0
E =
1
2 + α
< P0 , (32)
where the superscript indicates the number of initially broken bonds.
In the similar way, calculations for the transition from the state with the only bond broken
to that with two broken bonds lead to the following expression for the released energy
2aG1→2 = E
(1)
−2 +Q
(1)
−2(u
(2)
−2 − u(1)−2) = 2κu(1)−2u(2)−2 , (33)
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The energy ratios of the bond energy, E
(1)
−2 , to the released energy and to the stored one, are
P1 =
E
(1)
−2
2aG1→2
, R1 =
E
(1)
−2
E . (34)
Recall that E
(1)
−2 = 2κ(u
(1)
−2)
2.
The energy ratios for the semi-infinite bridge crack and one and two broken bonds,
R∞, R0 and R1, respectively, are presented in Fig. 5 as functions of αˆ. The plots of the
ratios P∞ = R∞, P0 and P1 are shown in Fig. 6. It is remarkable that the ratio of the
fracture energy to the total released energy is practically the same for any finite and semi-
infinite cracks.
−1 −0.5 0 0.5 10
0.2
0.4
0.6
0.8
1
R∞
R1
R0
αˆ
Figure 5: The energy ratios, R∞ (28), R0 (32) and R1 (34), of the maximal bond energy to
the stored energy as functions of the dimensionless parameter αˆ for the semi-infinite bridge
crack and one and two broken bonds, respectively.
In the energy terms, the crack initiation criterion is
E = Ec/Rj , j = 0, 1,∞ . (35)
Recall that Ec is the critical energy of the initially stretched bond and E is the internal energy
per two spans stored in the initial state of the chain. The factor 1/Rj defines how much
internal energy is required for the next step of the crack advance. A part of this energy goes
on fracture itself, that is for the bond breakage. The remainder is radiated. The radiated
acoustic energy, as the difference between the energy release and the critical energy of the
bond, is equal to
Ec
1− Rj
Rj
, j = 0, 1,∞ . (36)
The radiated oscillations, however, act on the next initially stretched bond and this can lead
to the dynamic crack growth even in the case where the stored energy is below the critical
level defined in (35) (in this connection, see Slepyan, 2000). Thus, the crack propagation
criterion appears below the crack initiation threshold as is usually observed.
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P0
P1
P∞
−1 −0.5 0 0.5 11
1.005
1.01
1.015
1.02
 
 
P0/P∞
P1/P∞
αˆ αˆ
Figure 6: The energy ratios, P∞ = R∞ < P1 < P0 of the maximal bond energy to the
released energy as functions of the dimensionless parameter αˆ for the semi-infinite bridge
crack (28) and one (32) and two (34) broken bonds, respectively, are presented in the left-side
plot, which evidences that these three ratios are almost the same. Their ratios, P0/P∞ and
P1/P∞, are shown in the right-side plot.
2.4.1 The limiting initial energy and two other limiting relations
Let γ be the ratio of the stored internal energy, E , to its critical value, Ec, corresponding
to the critical initial state of the bond: E = Ec as E = Ec. In the initial state, the former
equality is achieved for γ = 1, whereas in the presence of a crack, it is satisfied at the crack
front bond for γ = γc < 1. We now calculate γc and its limiting values (for α → 0 and
α → ∞) corresponding to the critical energy of the first even bond, m = 0, in front of the
semi-infinite crack bridged by the odd bonds, m = −1,−3, ... . Referring to (24) we have
E = 2κ∆
2
2 + α
= γEc , (37)
where Ec is the critical internal energy. At the same time, the energy of the bond is
E = 2κU20 =
E
2 + α
, Ec =
Ec
2 + α
, U0 = ∆
2 + α
(in the initial state) ,
E0 = 2κ (U0 + U0)2 (in the actual state with a semi-infinite bridged crack) . (38)
Now for E0 = Ec we get
2κ (U0 + U0)2 = Ec = Ec
2 + α
=
E
(2 + α)γ
= 2κ
U20
γ
, (39)
and we obtain from this that
γ = γc =
(
1 +
U0
U0
)2
. (40)
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Next, as follows from (21)
lim
α→0
U0 =
∆
2(1 +
√
2)
, lim
α→∞
αU0 = 0 ; (41)
hence
lim
α→0
γc = 1/2 , lim
α→∞
γc = 1 . (42)
Plots of γ for the chain and the lattice considered in Sect. 3.4.2 are presented in Fig. 7.
−1 −0.5 0 0.5 1
0.5
0.6
0.7
0.8
0.9
1
γ
chain
γlattice
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Figure 7: The internal energy critical level, γc, for the chain and the lattice with a semi-
infinite bridged crack, as functions of the dimensionless parameter αˆ.
3 A general structure
3.1 The initial state
We consider a 2D non-specified structure consisting of two equal periodic half-planes or layers
connected by a set of elastic bonds, Fig. 1b. The bonds are numbered by m = 0,±1, ... .
As above the even and odd bonds differ only by their initial length, namely, the even bonds,
m = 0,±2, ..., are of the length 2h, whereas the odd bonds, m = ±1,±3, ..., are of a slightly
different length, 2h + 2∆. In the framework of the Hooke’s law, the bond’s stiffness, κ, is
assumed to be the same for both the even and the odd bonds.
The difference in length results in a self-equilibrated stress field that can cause a bridge
crack with the even or odd bonds broken. As in the case of the two-line chain we assume
without loss of generality that the even bonds are broken. We also assume that, since
|∆| ≪ h, the response of the structure to external forces corresponds to the regular, periodic
set of the bonds. This also concerns the bulk of the body.
Specifically, we define the response by the Green’s function, G(m), as the displacements
at the upper end of the m-bond corresponding to a couple of self-equilibrated unit forces
applied to the ends of the bond at the origin, m = 0, Fig. 8a. For such periodic structure
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a)
Q = 1
Q = 1
b)
Figure 8: The body with the structured interface: (a) The Green’s function related self-
equilibrated couple of unit forces applied to the opposite ends of the bond at m = 0. (b)
The structure with a semi-infinite bridge crack, where the even bonds, m = −2,−4, ..., are
broken.
the displacement at the upper end of the m-bond caused by a couple of forces Q applied at
m = m′ is
um = G(m−m′)Q(m′) . (43)
Note that if no external force acts on the half-planes except the Green’s function source,
the principle force acting on the upper half-plane from below is zero. It follows from the
equilibrium condition that the applied unit force is completely supported by the bonds and
hence
2κGF (0) = 1 , (44)
where (..)F means the discrete Fourier transform
GF (k) =
∞∑
m=−∞
G(m)eikm . (45)
The half-planes are not stressed if the forces equal to ∓2κ∆, are applied to the upper
and lower ends of the odd bonds, respectively. In this state, the position of the upper end
of the bonds is the same as in the unstressed structure with the regular set of the bonds of
the length 2h: y = h. To remove these external forces we have to apply the opposite couple.
Thus, the displacements in the considered structure correspond to the regular structure
under the couple of forces ±Q0 applied to the odd bonds, where
Q0 = 2κ∆ , (46)
and the positions of the upper end of the bonds are
ym = h +
∑
m′=±1,±3,...
G(m−m′)Q0(m′) . (47)
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Using the generalized Fourier transform we find the displacements from the h-level, wm =
ym − h
wF (k) = GF (k)Q0
[
−1∑
m=−∞
exp((2m+ 1)(0 + ik)) +
∞∑
m=0
exp(−(2m+ 1)(0− ik))
]
= GF (k)Q0
[
exp(−(0 + ik))
1− exp(−(0 + 2ik)) +
exp(−(0− ik))
1− exp(−(0− 2ik))
]
= piGF (k)Q0[δ(k)− δ(k − pi)] , (48)
where 0± ik is a limit of ε± ik as 0 < ε→ 0.
Using the inverse transform we find wm and the displacements from the initial sizes of
the bonds, Um = wm, m = 0,±2, ... , and Um = wm −∆, m = ±1,±3, ...
U0 = 1
2
Q0
[
GF (0)−GF (pi)] (m = 0,±2, ...) ,
U1 = 1
2
Q0
[
GF (0) +GF (pi)
]−∆ (m = ±1,±3, ...) . (49)
Note that these relations correspond to the selective discrete transform (at k = 0) introduced
in the next section (also see Appendix). The corresponding tensile forces in the bonds are
Qeven = κQ
0
[
GF (0)−GF (pi)] (m = 0,±2, ...) ,
Qodd = κ
{
Q0
[
GF (0) +GF (pi)
]− 2∆} . (m = ±1,±3, ...) . (50)
With reference to Eqs. (44) and (46) we find that
Qodd = −Qeven , U1 = −U0 (51)
as it should be due to the equilibrium. Based on this and (49), (51) another useful repre-
sentation of U0 can be obtained
U0 = ∆
[
1− κ (GF (0) +GF (pi))] . (52)
Note that ∆ is defined in (50) if the tensile forces in the bonds are given.
3.2 The static state with the semi-infinite bridged crack
Let ∆ be positive, and the even bonds can be broken under extension. Consider the structure
with the negative-number even bonds, m = −2,−4, ..., broken. The displacements additional
to those in the initial state can be found considering the regular lattice loaded by external
forces Q1 = 2κum, m = −2,−4, ... (these external forces compensate the tensile forces in the
corresponding bonds). The total displacements are
um = U0 + Um , Um =
∑
m′=−2,−4,...
G(m−m′)Q1(m′) (m = 0,±2, ...) ,
um = U1 + Vm , Vm =
∑
m′=−2,−4,...
G(m−m′)Q1(m′) (m = ±1,±3, ...) , (53)
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where the initial displacements, U0,U1, are defined in (49).
To proceed we introduce the following selective transforms (see also Appendix)
GFeven(k) =
∑
m=0,±2,...
G(m)eikm , GFodd(k) =
∑
m=±1,±3,...
G(m)eikm ,
GFeven(k) +G
F
odd(k) = G
F (k) . (54)
The selective transforms can be expressed through the regular one as follows
GFeven(k) =
1
2
[
GF (k) +GF (k − pi)] , GFodd(k) = 12 [GF (k)−GF (k − pi)] . (55)
Indeed, it can be seen that, in the inverse transform, the odd terms vanish for GFeven(k) and
the even terms vanish for GFodd(k).
In terms of the corresponding transforms, the displacements additional to the initial state
are
UF (k) = 2κGFeven(k)
[
U−(k) +
U0e−2ik
1− e−2ik−0
]
,
V F (k) = 2κGFodd(k)
[
U−(k) +
U0e−ik
1− e−2ik−0
]
(56)
with
U−(k) =
∑
m=−2,−4,...
Ume
ikm , U+(k) =
∑
m=0,2,...
Ume
ikm ,
U−(k) + U+(k) = U
F (k) . (57)
From the first relation in (56) the Wiener-Hopf type equation follows as
U+(k) + L(k)U−(k) =
1− L(k)
e2ik+0 − 1U0 , L(k) = 1− 2κG
F
even(k) , (58)
and with reference to (52) and (54)
U0 = ∆L(0) . (59)
Note that due to the symmetry GFeven(k) and hence L(k) are even functions of real k. Besides,
as is assumed here and below, the kernel L(k) > 0 on the real k-axis and can be factorised
using Cauchy-type integral (in this connection see Slepyan, 2002, Sect. 12.2.3)
L(k) = lim
ℑk→0
L+(k)L−(k) ,
L±(k) = exp
[
± 1
4pii
∫ pi
−pi
lnL(ξ) cot
(
ξ − k
2
)
dξ
]
(±ℑk > 0) . (60)
In particular,
L+(0) = L−(0) =
√
L(0) , L(±pi) = L(0) , L+(±pi) = L−(±pi) =
√
L(0) ,
L+(i∞) = L−(−i∞) = exp
[
1
2pi
∫ pi
0
lnL(ξ) dξ
]
. (61)
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Eq. (58) can be rearranged as
U+(k)
L+(k)
+ L−(k)U−(k) =
[
1
L+(k)
− L−(k)
] U0
e2ik+0 − 1 = C+ + C− ,
C+ =
[
1
L+(k)
− 1
L+(0)
] U0
e2ik+0 − 1 , C− =
[
1
L+(0)
− L−(k)
] U0
e2ik+0 − 1 , (62)
where C+(C−) has no singular and zero points in the upper (lower) half-plane of k. We find
U+(k) = C+(k)L+(k) , U−(k) =
C−(k)
L−(k)
. (63)
The original functions can be obtained using the inverse transform formula
fm =
1
2pi
∫ pi
−pi
fF (k)e−ikm dk , (64)
or a procedure of the consequent determination of the discrete terms (see Slepyan (2002), p.
65). In particular, the additional displacement at the crack front bond is
U0 = lim
k→i∞
U+(k) =
U0√
L(0)
exp
[
1
2pi
∫ pi
0
lnL(ξ) dξ
]
− U0 (65)
with U0 = ∆L(0).
3.3 The energy relations
We start from the state where the odd bonds are compressed by the force Q0 = 2κ∆. In this
state, the strain energy per two spans is 2κ∆2. Eliminating quasi-statically the compressive
force we find the initial energy (per two span)
E = 2κ∆2 −Q0(∆− U0) = 2κ∆2L(0) , (66)
whereas the initial energy of a bond is E = EL(0). The energy of the crack front bond is
E0 = 2κ(U0 + U0)2 = 2κ∆2L(0) exp
[
1
pi
∫ pi
0
lnL(ξ) dξ
]
. (67)
The ratio E0/E is independent of the initial energy level. Thus, the energy release ratio is
R∞ =
Ec
E = exp
[
1
pi
∫ pi
0
lnL(ξ) dξ
]
. (68)
It is remarkable that the ratio of the fracture energy to the totally released energy is given by
this formula for a very general structure. The specific information is contained in the kernel
of the Wiener-Hopf equation, L(k), in the form given in (58). Note that this expression
was first presented in Slepyan (1990) (also see Slepyan (2002)) in application to the lattice
fracture under remote forces. Now it is found that the formula, in terms of L(k), is quite
general.
In the same way as for the chain in Sect. 2.4.1, it is found that for the general structure
γ = γc =
L(0)
R∞
. (69)
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3.4 Examples
3.4.1 The two line chain
We now return to the above-considered simple example. With the technique used in Sect. 2
the corresponding Green’s function can be found as
G(m) =
λ|m|
2µ
√
2α + α2
(70)
with
λ2 − 2(1 + α)λ+ 1 = 0 , λ = 1 + α−
√
2α+ α2 . (71)
Using the latter relations we find
GF (k) =
1
2µ(1 + α− cos k) ,
GFeven(k) =
1 + α
2µ[(1 + α)2 − cos2 k] , Godd =
cos k
2µ[(1 + α)2 − cos2 k] . (72)
It follows that
L(k) = 1− 2κGFeven(k) =
1 + α− cos2 k
(1 + α)2 − cos2 k ,
L(0) =
1
2 + α
, U0 = ∆
2 + α
. (73)
The latter expression coincides with that in (4). Calculations show that the other values,
such as U0 as a function of α, also coincide with those obtained in Sect. 2. It also can be
found that in this case the expression for the initial energy in (66) leads to that in (24).
3.4.2 Square-cell lattice
The equation for the square lattice, Fig. 9, under the self-equilibrated couple of unit forces
applied at m = n = 0 (directed as the y-axis) and m = 0, n = −1 (directed opposite) is
µ(2um,n − um−1,n − um+1,n) + κ(2um,n − um,n−1 − um,n+1) = δm0δn0 − δm0δn(−1) , (74)
where µ and κ are stiffnesses of the horizontal and vertical bonds as for the two-line chain,
and umn is the displacement of the m,n lattice node. Note that such anisotropic lattice has
been considered in Mishuris et al, 2007; however, this was without evaluation of the Green’s
function.
Using the double Fourier discrete transform we find for the prospective crack face line,
n = 0
GF (k, 0) = uF (k, 0) =
1
4pi
∫ pi
−pi
1− e−iq
µ(1− cos k) + κ(1− cos q) dq
=
1
2κ
(
1− 1− cos(k)√
(1− cos(k))(1 + 2α− cos(k))
)
. (75)
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This is just what we need. Now, using relations in (55) and (58) we obtain
L(k) =
1
2
(
| sin k/2|√
α + sin2 k/2
+
| cos k/2|√
α + cos2 k/2
)
, L(0) =
1
2
√
α+ 1
, U0 = L(0)∆ . (76)
It follows from (69) that limiting relations of γc for the lattice with the semi-infinite
bridge crack are
lim
α→0
γc = 1/2 , lim
α→∞
γc ≈ 0.78934782 ( lim
α→∞
R∞ ≈ 0.63343432) . (77)
With reference to (65)-(67) and (75), (76) the energy ratio R∞ follows as presented in (68)
for a general case. It is plotted for the lattice and the chain in Fig. 10. The plot of γc(αˆ) is
presented in Fig. 7.
m = −4−3−2−1 0 1 2 3 4 5
−1
n = 0
1
2
3
−2
−3
−4
Figure 9: The orthotropic lattice. The stiffness of the horizontal and vertical bonds are µ
and κ, respectively(α = κ/µ). The bonds on the crack line are prestressed as in the chain.
3.5 A finite crack
In terms of the compensation forces, the displacements in the intact structure are as in (43),
where
Qm = 2κ (Um + Um) (78)
for m ∈M , where M is a set of numbers of the bonds which are expected to be broken. For
the unknown displacements, Um, we have the equations following from (43)
Um = 2κ
∑
m∈M
G(m−m′) (Um′ + U(m′)) (m ∈ M) . (79)
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Figure 10: The energy ratio, R∞, as functions of parameter αˆ for the semi-infinite bridge
crack in the orthotropic lattice and two line chain (the dotted line).
4 The structure under combined actions of external
forces and microstresses
We consider two different loads: external forces, q0, uniformly distributed at infinity and
remote forces defined by their action at the crack tip with zero stresses at infinity. The
uniform load is applicable in the case of a finite or semi-infinite bridged crack, whereas the
latter type of the load corresponds to a semi-infinite crack without the crack-face bridging.
Note that due to linearity the total displacements and tensile forces can be represented as
sums of those corresponding to the crack under the external load with no microstresses and
to the crack under the microstresses without external loads. This superposition can be seen
in the relations below.
4.1 The bridged crack
Consider the bridge crack shown in Fig. 8b. With respect to the determination of the tensile
forces in the bonds, this state can be reflected by uniformly distributed self-equilibrated
couples of forces, q0, applied to the bonds. As a result, in the case of the semi-infinite
bridged crack, the total displacement (53) and the following relations including the final
results (63) and (65) remain valid with the substitutions
um −→ um + q0/(2κ) . (80)
For the semi-infinite crack this formulation becomes invalid when q0 reaches the value
of a half of the critical tensile force in the odd number bonds. Indeed, at m → −∞ these
bonds are loaded uniformly and they must carry the external load related to both the odd
and the even bonds, while the latter are broken.
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4.2 The semi-infinite crack
We now consider a general formulation for a semi-infinite crack under remote forces and
microstresses. Let m = −1 be the number of the crack front bond. The bonds at m =
−2,−3, ... are assumed to be broken. As before we consider the intact structure under
external forces, which compensate the tensile forces in the bonds at m ≤ −2. Thus, the
additional displacements satisfy the equation
Um = 2κ
−2∑
m′=−∞
G(m−m′)[U(m′) + (−1)m′U0] ,
UF (k) = 2κGF (k)
[
U−(k) + U0
−2∑
m′=−∞
ei(k+pi)m
′
]
= 2κGF (k)
[
U−(k) + U0 e
−2ik
1 + e−ik−0
]
. (81)
Here
U−(k) =
−2∑
m′=−∞
Ume
ikm , U+(k) =
∞∑
m′=−1
Ume
ikm . (82)
From (81) we obtain the Wiener-Hopf type equation
U+(k) + L(k)U−(k) = 2κG
F (k)U0 e
−2ik
1 + e−ik−0
, L(k) = 1− 2κGF (k) , L(0) = 0 . (83)
We have to stress that L(k) defined in this section in (83) differs from that defined above in
(58). Indeed, here we consider a fully opened semi-infinite crack (not the bridged crack as
above).
After the factorization as in (60) we represent this equation as
U+(k)
L+(k)
+ L−(k)U−(k) = C
[
e−ik
1− eik−0 +
e−2ik
1− e−ik−0
]
+ S(k) , (84)
where the first term in the right-hand side reflects the remote forces, and
S(k) =
[
1
L+(k)
− L−(k)
] U0e−2ik
1 + e−ik−0
= S+(k) + S−(k) ,
S+(k) =
[
1
L+(k)
− 1
L+(pi)
] U0e−2ik
1 + e−ik−0
, S−(k) =
[
1
L+(pi)
− L−(k)
] U0e−2ik
1 + e−ik−0
. (85)
The constant C is determined in Sect. 4.4 through the macrolevel energy release rate.
It follows from these equations that
U+(k) = L+(k)
[
Ce−ik
1− eik−0 + S+(k)
]
, U−(k) =
1
L−(k)
[
Ce−2ik
1− e−ik−0 + S−(k)
]
, (86)
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where, in particular, L+(k) and the first two terms in its representation as a Fourier series
are (ℑk > 0)
L+(k) = exp
[
1
4pii
∫ pi
−pi
lnL(ξ) cot
(
ξ − k
2
)
dξ
]
= Φ1 + Φ1Φ2e
ik + ... ,
L+(pi) =
√
L(pi) , Φ1 = exp
[
1
2pi
∫ pi
0
lnL(ξ) dξ
]
, Φ2 =
1
pi
∫ pi
0
lnL(ξ) cos ξ dξ . (87)
Based on Eqs. (85) − (87) we determine explicit expressions for the first two coefficients
in the series (82) for U+(k). Thereby we find the additional displacements caused by the
crack
U(−1) = Φ1C +
(
1− Φ1√
L(pi)
)
U0 , Φ1 > 0 ,
U0 = Φ1(1 + Φ2)C −
(
1− Φ1(1− Φ2)√
L(pi)
)
U0 , Φ2 < 0 . (88)
With account of the initial displacements the tensile forces in these bonds, the crack front
bond initially compressed and the next one initially stretched, are
Q−1 = 2κ[U(−1) − U0] = 2κΦ1
(
C − U0√
L(pi)
)
,
Q0 = 2κ[U0 + U0] = 2κΦ1
(
(1 + Φ2)C +
1− Φ2√
L(pi)
U0
)
, (89)
where the initial displacement U0 is defined in (4).
4.3 A finite crack
For this problem, we use the equations in (78) and (79) adding to them the external forces
Qm = 2κ (Um + Um) + q0 . (90)
Thus, for the unknown displacements, Um, we have the equations
Um =
q0
2κ
+ 2κ
∑
m′∈M
G(m−m′) (Um′ + U ′m) (m ∈M) . (91)
The crack domain M it can be found, in principle, using the strength criterion for the bonds
and taking into account the fracture history. In this way, it can happen that there exists
a bridge crack in a part of the total crack domain, where only even bonds are broken, and
a free crack face sub-domain, where the odd bonds also are broken. Note, however, that
dynamic effects can play an important role in the crack development.
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4.4 The energy release and the determination of the constant C
Consider the long wave approximation of the Green’s function and the kernel L(k)
GF (k) ∼ GF0 (k) , L(k) ∼ L0(k) (k → 0) , (92)
which correspond to the related continuum. In this continuum, the stress on the crack
continuation and the crack opening displacement have the following Fourier-transforms
σ+(k) =
2κL0+(k)C
a(0 − ik) , U−1(k) =
C
L0−(k)(0 + ik)
, (93)
where a is the distance between the neighboring bonds. In these terms, the energy release
rate is (see Slepyan, 2002, p. 27 (1.42))
G0 = lim
s→∞
s2σ+(is)U−1(−is) = 2κ
a
C2 lim
s→∞
L0+(is)
L0−(−is) . (94)
Since L0±(k)→ 1 as k → ±i∞, respectively, we obtain the connection between the macrolevel
energy release rate and the constant C
Gmac =
2κ
a
C2 . (95)
Note that Gmac is the macrolevel energy release rate for the semi-infinite crack without
bridging.
4.5 Critical energy release rate and fracture scenarios
With reference to (66) and (58) the microlevel energy release rate is
Gmic = κ∆
2[1− 2κGF (pi)]/(2a) (96)
and the total energy release rate is the sum
Gtot = Gmac +Gmic . (97)
In the case when the crack front bond brakes first, we have the following relation between
the macro and micro parameters
E−1 = Q−1[U(−1)− U0] = 2κΦ21
(
C − U0√
L(pi)
)2
= Ec . (98)
In the opposite case, when the next bond breaks first, the relation takes the form (see (89))
E0 = Q0[U0 + U0] = 2κΦ21
(
(1 + Φ2)C +
1− Φ2√
L(pi)
U0
)2
= Ec . (99)
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Let the ratio of the initial energy of the bond to the critical energy be γ as before
E = γEc (E = γEc) . (100)
With reference to (95), (98) − (100), taking the same critical force for both these bonds we
find that the critical macrolevel energy release rate is
Gmac =
Ec
aΦ21
(
1 + Φ1
√
γ
L(pi)
)2
(Q−1 = Qc) ,
Gmac =
Ec
aΦ21(1 + Φ2)
2
(
1− Φ1(1− Φ2)
√
γ
L(pi)
)2
(Q0 = Qc) . (101)
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Figure 11: The normalised macrolevel critical energy release rate, G′, as function of the
normalised level of the internal energy, γ′. The equality γ′ = γ′max corresponds to the critical
level of the internal energy for the body with a semi-infinite open crack.
Recall that Φ1 > 0,Φ2 < 0. The values defined by the above relations are equal at γ = γ∗,
where
γ∗ = L(pi)
(
Φ2
2Φ1
)2 (√
γ
L(pi)
= − Φ2
2Φ1
> 0
)
. (102)
It follows that the crack front bond, m = −1, breaks first if γ < γ∗; otherwise, if γ > γ∗
the next bond, m = 0, breaks first. The normalized, critical, macrolevel energy release rate,
G′ = GmacaΦ
2
1/(Ec), as a function of γ
′ = γ/γ∗ (see (101) and (102)) becomes
G′ =
(
1− Φ2
2
√
γ′
)2
(γ′ < 1) ,
G′ =
1
(1 + Φ2)2
(
1 +
Φ2
2
(1− Φ2)
√
γ′
)2
(γ′ > 1) (103)
is presented in Fig. 11. The plot is based on the relations in (101) and (102) with Φ2 = −1/2.
It can be seen that the crack-initiation threshold, which is the critical energy release rate
required for the crack to advance, is an increasing function of the internal energy in the
region, 0 < γ < γ∗. Then it decreases to zero in the remaining region, γ∗ < γ = 1.
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Thus, different fracture scenarios are possible depending on the value of γ, that is, on
the internal energy level. If γ < γ∗ a regular crack seems possible. Otherwise, a bridged
crack region can occur, where only initially stretched bonds are broken. This region should
increase with γ. A more detailed description of these scenarios is possible on the basis of
the dynamic formulation.
4.6 Concurrent fracture scenarios for a semi-infinite crack in the
chain and the lattice under remote forces and microstresses
With reference to (72), (83) and (87) it follows that for the chain
L(k) =
1− cos k
1 + α− cos k , Φ2 = α−
√
2α+ α2 ,
Φ1 =
√
1 + α/2−
√
α/2 =
√
1 + Φ2 , γ∗ =
α
2 + α
. (104)
For the square lattice, as follows from (75) and (83)
L(k) =
√
sin2 k/2
α + sin2 k/2
, Φ2 = −
√
α(
√
1 + α−√α) ,
Φ1 =
√√
1 + α−√α , γ∗ = α(
√
1 + α−√α)
4
√
1 + α
. (105)
The normalised, macrolevel, critical energy release rates, aGmac/Ec, for the chain and
lattice as functions of the normalised level of the internal energy, γ, is presented in Fig. 12
for some values of α = κ/µ. Note that one point on these graphs, namely, the result for the
isotropic lattice, α = 1, for the case of zero internal energy, γ = 0, where aGmac/Ec =
√
2+1,
coincides with that found in Slepyan (1982). The values of γ∗ and γmax as functions of αˆ are
plotted in Fig. 13. Note that there is a large distance between these plots for the lattice. It
follows that even for a low level of the internal energy, the second bond in front of the crack
breaks first.
5 Discussions and Conclusions
In this paper, we have formulated a brittle fracture problem for a linearly elastic body with
the internal potential energy of structure-associated alternating microstresses. The body of a
non-specified structure is assumed to be periodic along an interface as the prospective crack
path. In the general formulation, only the interface structure is specified. It is represented
by a set of periodically placed bonds initially stressed due to their inconsistent strains. The
initially stretched and compressed bonds alternate thus representing the self-equilibrated
internal stress field. The stress-strain state of the interface, intact and with a crack, is
examined, while the bulk of the body presence is reflected by a non-specified Green’s function.
In these terms, general solutions are obtained, and numerical results can be calculated as
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Figure 12: The normalised, macrolevel, critical energy release rate, aGmac/Ec, for the chain
(a) and the lattice (b) as function of the normalised level of the internal energy, γ, for some
values of α = κ/µ.
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Figure 13: The normalized energy release ratio at γ = γ∗ (a) and the plots of γ∗ and γmax
(b) as functions of αˆ = (1 − α)/(1 + α) for the chain and lattice. The equality γ = γmax
corresponds to the critical level of the internal energy for the body with a semi-infinite open
crack.
soon as the Green’s function is specified. This is done with respect to a two-line chain
and an anisotropic square lattice (the former is also considered independently). The crack
equilibrium under microstresses and under a combined action of the internal and remote
forces are examined.
The results obtained evidence that, while the initial internal energy increases from zero to
a threshold value, the crack initiation resistance also increases. With further increases in the
internal energy, the resistance decreases to zero (see Fig. 11, Fig. 12). So, the microstresses
can result in an increase as well as in a decrease of the crack resistance depending on the
internal energy level. The quasi-static considerations suggest that different scenarios for the
crack growth can occur depending on the internal energy level. In particular, under a high
level of microstresses the fracture can be accompanied by a bridged-crack region.
At least in the chain and lattice structures, a considerable part of the critical internal
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energy is radiated under the bond breakage (this part disappears in the framework of the
quasi-static formulation). The remaining part of the released energy is the critical strain
energy of the bond disappearing at fracture. The ratio of the breaking bond energy to the
internal energy density for a finite crack rapidly approaches that for a semi-infinite crack,
Fig. 5, whereas the ratio to the total released energy is practically the same for any finite
and semi-infinite cracks, Fig. 6.
In analysis of the problem , a selective discrete transform is introduced (see (54), (55)
and Appendix). It is also found here that the formula for the ratio of the fracture energy to
the total released energy (68), obtained earlier for the lattice fracture under remote forces,
is valid for a very general structure. The specific information is contained in the kernel of
the Wiener-Hopf equation, L(k), which has different expressions for the open and bridged
semi-infinite cracks (under the same Green’s function for the intact body).
In the paper, the interface structure is specified as a periodic set of the normally oriented
bonds, Fig. 1. The solutions are presented in terms of the displacements, which can also be
interpreted as elongations. With this in mind we can conclude that all the considerations
remain valid for such a set of regularly inclined bonds. The only condition is the uniformity
of the Green’s function with respect to the bond elongations. If this is the case, the bond
elongations, caused by the interaction of the interface with the bulk of the body, can be
represented by superposition based on the relation in (43). In the case where, with respect
to the structure elastic properties, the positive and negative x-directions are equivalent, a
zigzag interface structure satisfies this condition. (In the latter, the bond inclination angles
alternate but have the same absolute value as in the case of a triangular lattice.) Now the
Green’s function appearing in the obtained solutions must correspond to the couple of self-
equilibrated unit forces oriented along the bond. Note that, in this case, not only fracture
mode I or III can be considered as above but mode II as well.
As is common in the lattice fracture, the question remains how to homogenize the dis-
crete model. In the framework of the present formulation, this question concerns only the
interface. In a homogeneous material, the interface should have a zero thickness, whereas the
alternating microstresses can be modelled by a sinusoidal self-equilibrated initial field. This
can be imagined as a continuous elastic body comprised of two half-planes (or strips) with
rough boundaries. Physically such homogenization seems to be adequate; however, mathe-
matically the problem becomes more complicated especially for the crack propagation. At
the same time, the use of numerical methods returns us to one or the other discrete structure.
Finally, note that, under the quasi-static considerations adopted in this paper, we have
determined the influence of the microstresses on the crack initiation criterion. Also the
results allow us to predict some characteristics of the crack growth mode. However, the crack
advance in a perfect, brittle, discrete structure is accompanied by dynamic effects even for any
small crack speed. Thus, to trace the crack growth, only the dynamic formulation is adequate.
This is to be presented in separate publications, where we consider the spontaneous, like a
domino wave, crack propagation under the internal energy and the crack dynamics under
the combined action of the remote forces and microstresses. Along with the dynamic effects
predicted in this paper a number of other dynamic phenomena revealed are discussed, such
as hypersonic and quasi-stable slow cracks, clustering and variable finite bridging zones.
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Appendix: Selective discrete transform
Along with the regular discrete Fourier transform
fF (k) =
∞∑
m=−∞
f(m)eikm (106)
consider a selective discrete transform
fFnν(k) =
∞∑
µ=−∞
f(ν + µn)eik(ν+µn) , (107)
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where ν and n are integers, 0 ≤ ν ≤ n− 1, n ≥ 1.
The statement is true that the latter can be expressed in terms of the former as follows
fFnν(k) =
1
n
n−1∑
m=0
exp
(
2piimν
n
)
fF
(
k − 2pim
n
)
. (108)
Indeed, for any integer ν ′, 0 ≤ ν ′ ≤ n− 1, we find that the original function corresponding
to this transform is
fnν(ν
′ + µn) =
1
n
n−1∑
m=0
exp
(
2piimν
n
)
1
2pi
∫ pi
−pi
fF
(
k − 2pim
n
)
e−ik(ν
′+µn) dk
=
1
n
n−1∑
m=0
exp
[
2piim
n
(ν − ν ′)
]
× 1
2pi
∫ pi
−pi
fF
(
k − 2pim
n
)
exp
[
−i
(
k − 2pim
n
)
(ν ′ + µn)
]
dk
= f(ν ′ + µn)
1
n
n−1∑
m=0
exp
[
2piim
n
(ν − ν ′)
]
. (109)
Thus
fnν(ν
′ + µn) = f(ν + µn) (ν ′ = ν) ,
fnν(ν
′ + µn) = f(ν + µn)
1
n
1− exp[2pii(ν − ν ′)]
1− exp[2pii(ν − ν ′)/n] = 0 (ν
′ 6= ν) . (110)
Note that we have used here the fact that the integrand is a 2pi-periodic function of k. Also
note that a sum of the selective transform is the original transform
n−1∑
ν=0
fFnν(k) = f
F (k) . (111)
30
